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1 Introduction
A good candidate to describe the dark energy corresponds to the cosmological constant [1,
2]. It is well known that a cosmological term can be introduced in a D = 4 gravity theory
using the Anti de Sitter (AdS) algebra. In particular the supersymmetric extension of
gravity including a cosmological term can be obtained in a geometric formulation. In this
framework, supergravity is built from the curvatures of the osp (4|1) superalgebra and the
action is known as the MacDowell-Mansouri action [3].
Recently it was presented in ref. [4] an alternative way of introducing the generalized
cosmological constant term using the Maxwell algebra. It is usually accepted that the
symmetries of Minkowski spacetime are described by the Poincare´ algebra. In refs. [5, 6]
this spacetime was generalized extending its symmetries from the Poincare´ to the Maxwell
symmetries whose generators satisfy the following commutation relations
[Pa, Pb] = ΛZab, Zab = −Zba , (1.1)
[Jab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc, (1.2)
[Zab, Zcd] = 0, [Zab, Pc] = 0. (1.3)
Here Zab correspond to tensorial Abelian charges and the constant Λ can be related to the
cosmological constant when [Λ] = M2. If we put Λ = e, where e is the electromagnetic
coupling constant, we have the possible description of spacetime in presence of a constant
electromagnetic background field.
The deformations of the Maxwell symmetries lead to the so(D − 1, 2) ⊕ so(D − 1, 1)
or so(D, 1) ⊕ so(D − 1, 1) algebra [7, 8]. In this case the Zab generators are non-abelian.
If spacetime symmetries are considered local symmetries then it is possible to construct
Chern-Simons gravity actions where dark energy could be interpreted as part of the metric
of spacetime.
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Subsequently it was shown in ref. [9] that the generalized cosmological constant term
can also be included in a Born-Infeld like action built from the curvatures of the AdS-
Lorentz1 (AdS − L4) algebra. Alternatively the AdS-Lorentz algebra can be obtained as
an abelian semigroup expansion (S-expansion) of the AdS algebra using S
(2)
M as the relevant
semigroup [10].
The S-expansion procedure is based on combining the multiplication law of a semi-
group S with the structure constants of a Lie algebra g [11]. The new Lie algebra obtained
using this method is called the S-expanded algebra G = S × g. Diverse (super)gravity
theories have been extensively studied using the S-expansion approach. In particular, in-
teresting results have been obtained in refs. [12–21]. An alternative expansion method can
be found in ref. [22].
In this paper we analyze the consequence of considering the supersymmetric extension
of the AdS-Lorentz algebra in the construction of a supergravity theory. This superalgebra
has the following anticommutation relation,
{Qα, Qβ} = −1
2
[(
γabC
)
αβ
Zab − 2 (γaC)αβ Pa
]
, (1.4)
where Qα represents a 4-component Majorana spinor charge. Unlike the Maxwell superal-
gebra the new generators Zab are not abelian and behave as a Lorentz generator,
[Zab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc. (1.5)
The presence of the Zab generators implies the introduction of a new bosonic “matter” field
kab which modifies the definition of the different curvatures. In particular, we are interested
in studying the geometrical consequences of including the generators Zab = [Pa, Pb] in
supergravity. Although the same non-commutativity is present in the Maxwell symmetries,
it was shown in ref. [20] that the supergravity action a` la MacDowell-Mansouri based on
the Maxwell superalgebra does not reproduce the cosmological constant term in the action.
Then, the AdS-Lorentz superalgebra seems to be a better candidate in order to introduce
the cosmological term in supergravity, in presence of the bosonic generators Zab.
On the other hand, as shown in ref. [23, 24] the four-dimensional renormalized action
for AdS gravity, which corresponds to the bosonic MacDowell-Mansouri action, is equiv-
alent on-shell to the square of the Weyl tensor describing conformal gravity. Then, the
supergravity action a` la MacDowell-Mansouri suggests a superconformal structure which
represents an additional motivation in our construction.
It is the purpose of this work to construct a supergravity action which contains a
generalized supersymmetric cosmological constant from the AdS-Lorentz superalgebra. To
this aim, we apply the S-expansion method to the osp (4|1) superalgebra and we build a
MacDowell-Mansouri like action with the expanded 2-form curvatures. The result presented
here corresponds to an alternative way of introducing the supersymmetric cosmological
term and can be seen as the supersymmetric extension of refs. [4, 9]. We extend our result
introducing the generalized minimal AdS-Lorentz superalgebra and we build a more general
D = 4, N = 1 supergravity action involving a supersymmetric cosmological term.
1Also known as so(D − 1, 1)⊕ so(D − 1, 2) algebra.
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This work is organized as follows: in section 2 we review the construction of the AdS-
Lorentz superalgebra using the S-expansion procedure. Sections 3 and 4 contain our main
results. In section 3, we present the D = 4, N = 1 supergravity action including a gener-
alized supersymmetric cosmological constant. We show that this action corresponds to a
MacDowell-Mansouri like action built from the curvatures of the AdS-Lorentz superalgebra.
In section 4 we extend our results to the generalized minimal AdS-Lorentz superalgebra.
Section 5 concludes the work with some comments about possible development and useful-
ness of our results.
2 AdS−Lorentz superalgebra and the abelian semigroup expansion pro-
cedure
The abelian semigroup expansion procedure (S-expansion) is a powerful tool in order to
derive new Lie (super)algebras [11]. Furthermore, the S-expansion method has the advan-
tage to provide with an invariant tensor for the S-expanded algebra G = S × g in terms of
an invariant tensor for the original algebra g.
Following refs. [11, 18], it is possible to obtain the AdS−Lorentz superalgebra as an
S-expansion of the osp (4|1) superalgebra using S(2)M as the abelian semigroup.
Before applying the S-expansion method it is necessary to consider a decomposition
of the original algebra g = osp (4|1) in subspaces Vp,
g = osp (4|1) = so (3, 1)⊕ osp (4|1)
sp (4)
⊕ sp (4)
so (3, 1)
= V0 ⊕ V1 ⊕ V2, (2.1)
where V0 is generated by the Lorentz generator J˜ab, V1 corresponds to the fermionic
subspace generated by a 4-component Majorana spinor charge Q˜α and V2 corresponds
to the AdS boost generated by P˜a. The osp (4|1) generators satisfy the following
(anti)commutation relations[
J˜ab, J˜cd
]
= ηbcJ˜ad − ηacJ˜bd − ηbdJ˜ac + ηadJ˜bc, (2.2)[
J˜ab, P˜c
]
= ηbcP˜a − ηacP˜b, (2.3)[
P˜a, P˜b
]
= J˜ab, (2.4)[
J˜ab, Q˜α
]
= −1
2
(
γabQ˜
)
α
,
[
P˜a, Q˜α
]
= −1
2
(
γaQ˜
)
α
, (2.5){
Q˜α, Q˜β
}
= −1
2
[(
γabC
)
αβ
J˜ab − 2 (γaC)αβ P˜a
]
. (2.6)
Here, γa are Dirac matrices and C stands for the charge conjugation matrix.
The subspace structure may be written as
[V0, V0] ⊂ V0, [V1, V1] ⊂ V0 ⊕ V2,
[V0, V1] ⊂ V1, [V1, V2] ⊂ V1,
[V0, V2] ⊂ V2, [V2, V2] ⊂ V0.
(2.7)
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Following the definitions of ref. [11], let S
(2)
M = {λ0, λ1, λ2} be an abelian semigroup
whose elements satisfy the multiplication law,
λαλβ =
{
λα+β , if α+ β ≤ 2
λα+β−2, if α+ β > 2
(2.8)
Let us consider the subset decomposition S
(2)
M = S0 ∪ S1 ∪ S2, with
S0 = {λ0, λ2} , (2.9)
S1 = {λ1} , (2.10)
S2 = {λ2} . (2.11)
One sees that this decomposition is said to be resonant since it satisfies the same structure
as the subspaces Vp [compare with eqs. (2.7)]
S0 · S0 ⊂ S0, S1 · S1 ⊂ S0 ∩ S2,
S0 · S1 ⊂ S1, S1 · S2 ⊂ S1,
S0 · S2 ⊂ S2, S2 · S2 ⊂ S0.
(2.12)
Following theorem IV.2 of ref. [11], we can say that the superalgebra
GR = W0 ⊕W1 ⊕W2, (2.13)
is a resonant subalgebra of S
(2)
M × g, where
W0 = (S0 × V0) = {λ0, λ2} ×
{
J˜ab
}
=
{
λ0J˜ab, λ2J˜ab
}
, (2.14)
W1 = (S1 × V1) = {λ1} ×
{
Q˜α
}
=
{
λ1Q˜α
}
, (2.15)
W2 = (S2 × V2) = {λ2} ×
{
P˜a
}
=
{
λ2P˜a
}
. (2.16)
Thus the new superalgebra is generated by {Jab, Pa, Zab, Qα}, where these new gener-
ators can be written as
Jab = λ0J˜ab,
Zab = λ2J˜ab,
Pa = λ2P˜a,
Qα = λ1Q˜α.
The expanded generators satisfy the (anti)commutation relations
[Jab, Jcd] = ηbcJad − ηacJbd − ηbdJac + ηadJbc, (2.17)
[Jab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc, (2.18)
[Zab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc, (2.19)
[Jab, Pc] = ηbcPa − ηacPb, [Pa, Pb] = Zab, (2.20)
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[Zab, Pc] = ηbcPa − ηacPb, (2.21)
[Jab, Qα] = −1
2
(γabQ)α , [Pa, Qα] = −
1
2
(γaQ)α , (2.22)
[Zab, Qα] = −1
2
(γabQ)α , (2.23)
{Qα, Qβ} = −1
2
[(
γabC
)
αβ
Zab − 2 (γaC)αβ Pa
]
, (2.24)
where we have used the multiplication law of the semigroup (2.8) and the commutation
relations of the original superalgebra. The new superalgebra obtained after a resonant S
(2)
M -
expansion of osp (4|1) corresponds to the AdS−Lorentz superalgebra sAdS−L4 in four di-
mensions. The details of its construction can be found in ref. [18]. An extensive study of the
relation between Lie algebras and the semigroup expansion method can be found in ref. [25].
One can see that the AdS−Lorentz superalgebra contains the AdS − L4 algebra =
{Jab, Pa, Zab}2 as a subalgebra. The AdS − L4 algebra and its generalization have been
extensively studied in ref. [9]. In particular it was shown that this algebra allows to include
a generalized cosmological constant in a Born-Infeld gravity action.
On the other hand it is well known that an Ino¨nu¨-Wigner contraction of the
AdS−Lorentz superalgebra leads to the Maxwell superalgebra. In fact, the rescaling
Zab → µ2Zab, Pa → µPa and Qα → µQα (2.25)
provide the Maxwell superalgebra in the limit µ → ∞.
3 Generalized supersymmetric cosmological term from AdS−Lorentz
superalgebra
In ref. [3] it was introduced a geometric formulation of N = 1, D = 4 supergravity using
the osp (4|1) gauge fields. The resulting action is known as the MacDowell-Mansouri action
whose geometrical interpretation can be found in ref. [28]. In a very similar way to ref. [20]
in which a MacDowell-Mansouri like action was built for the minimal Maxwell superalgebra,
we will construct an action for the AdS-Lorentz superalgebra using the useful properties
of the S-expansion procedure.
We have shown in the previous section that the D = 4 AdS−Lorentz superalgebra
can be found as an S-expansion of the osp (4|1) superalgebra. Following the definitions of
ref. [11], let S
(2)
M = {λ0, λ1, λ2} be an abelian semigroup whose elements satisfy the multipli-
cation law (2.8). After the extraction of a resonant subalgebra one finds the AdS−Lorentz
superalgebra whose generators {Jab, Pa, Zab, Qα} satisfy the commutations relations (2.17)–
(2.24).
In order to write down an action for AdS−Lorentz superalgebra we start from the
one-form connection
A = AATA =
1
2
ωabJab +
1
l
eaPa +
1
2
kabZab +
1√
l
ψαQα, (3.1)
2Also known as Poincare´ semi-simple extended algebra.
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where the one-form gauge fields are given in terms of the components of the osp (4|1)
connection,
ωab = λ0ω˜
ab,
ea = λ2e˜
a,
kab = λ2ω˜
ab,
ψα = λ1ψ˜
α.
The associated two-form curvature F = dA+A ∧A is given by
F = FATA =
1
2
RabJab +
1
l
RaPa +
1
2
F abZab +
1√
l
ΨαQα, (3.2)
where
Rab = dωab + ωacω
cb,
Ra = dea + ωabe
b + kabe
b − 1
2
ψ¯γaψ,
F ab = dkab + ωack
cb − ωbckca + kackcb +
1
l2
eaeb +
1
2l
ψ¯γabψ,
Ψ = dψ +
1
4
ωabγ
abψ +
1
2l
eaγaψ +
1
4
kabγ
abψ.
The one-forms ωab, ea, ψ and kab are the spin connection, the vielbein, the gravitino field
and a bosonic “matter” field, respectively. Here ψ corresponds to a Majorana spinor which
satisfies ψ¯ = ψC, where C is the charge conjugation matrix. Naturally when F = 0 the
Maurer-Cartan equations for the AdS−Lorentz superalgebra are satisfied.
In order to interpret the gauge field as the vielbein, it is necessary to introduce a
length scale l. In fact, if we choose the Lie algebra generators TA to be dimensionless then
the 1-form connection fields A = AAµTAdx
µ must also be dimensionless. Nevertheless, the
vielbein ea = eaµdx
µ must have dimensions of length if it is related to the spacetime metric
gµν through gµν = e
a
µe
b
νηab. Thus the “true” gauge field must be of the form e
a/l. In the
same way we must consider that ψ/
√
l is the “true” gauge field of supersymmetry since
the gravitino ψ = ψµdx
µ has dimensions of (length)1/2.
From the Bianchi identity ∇F = 0, with ∇ = d + [A, ·], it is possible to write down
the Lorentz covariant exterior derivatives of the curvatures as
DRab = 0, (3.3)
DRa = Rabe
b +Rck ac + ψ¯γ
aΨ, (3.4)
DF ab = Rack
cb −Rbckca + F ackcb − F bckca +
1
l2
(
Raeb − eaRb
)
+
1
l
Ψ¯γabψ, (3.5)
DΨ =
1
4
Rabγ
abψ +
1
4
Fabγ
abψ − 1
4
kabγ
abΨ+
1
2l
Raγaψ
− 1
2l
eaγaΨ. (3.6)
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The general form of the MacDowell-Mansouri action built with the osp (4|1) two-form
curvature is given by
S = 2
∫
〈F ∧ F 〉 = 2
∫
FA ∧ FB 〈TATB〉 , (3.7)
with the following choice of the invariant tensor
〈TATB〉 =
{
〈JabJcd〉 = ǫabcd
〈QαQβ〉 = 2 (γ5)αβ .
(3.8)
It is important to note that if 〈TATB〉 is an invariant tensor for the osp (4|1) superalgebra
then the action corresponds to a topological invariant. The action can be seen as the
supersymmetric generalization of the D = 4 Born-Infeld action in which the action is built
from the AdS two-form curvature using 〈TATB〉 as an invariant tensor for the Lorentz group.
In order to build a MacDowell-Mansouri like action for the AdS−Lorentz superalgebra
we will consider the S-expansion of 〈TATB〉 and the 2-form curvature given by (3.2).
Thus, the action for the AdS−Lorentz superalgebra can be written as
S = 2
∫
FA ∧ FB 〈TATB〉sAdS−L4 , (3.9)
where 〈TATB〉sAdS−L4 can be derived from the original components of the invariant ten-
sor (3.8). Using Theorem VII.1 of ref. [11], it is possible to show that the non-vanishing
components of 〈TATB〉sAdS−L4 are given by
〈JabJcd〉sAdS−L4 = α0 〈JabJcd〉 , (3.10)
〈JabZcd〉sAdS−L4 = α2 〈JabJcd〉 , (3.11)
〈ZabZcd〉sAdS−L4 = α2 〈JabJcd〉 , (3.12)
〈QαQβ〉sAdS−L4 = α2 〈QαQβ〉 , (3.13)
where α0 and α2 are dimensionless arbitrary independent constants. This choice of the
invariant tensor breaks the AdS-Lorentz supergroup to their Lorentz like subgroup.
Then considering the non-vanishing components of the invariant tensor (3.10)–(3.13)
and the 2-form curvature (3.2), it is possible to write down an action as
S = 2
∫ (
1
4
α0ǫabcdR
abRcd +
1
2
α2ǫabcdR
abF cd +
1
4
α2ǫabcdF
abF cd +
2
l
α2Ψ¯γ5Ψ
)
. (3.14)
Explicitly, the action takes the form
S =
∫
α0
2
ǫabcdR
abRcd + α2ǫabcd
(
RabDkcd +Rabkcek
ed +
1
l2
Rabeced
+
1
2l
Rabψ¯γcdψ +
1
2
DkabDkcd +Dkabkcek
ed +
1
l2
Dkabeced
+
1
2l
Dkabψ¯γcdψ +
1
2
kafk
fbkcgk
gd +
1
l2
kafk
fbeced +
1
2l
kafk
fbψ¯γcdψ
+
1
2l3
eaebψ¯γcdψ +
1
2l4
eaebeced
)
+ α2
(
4
l
Dψ¯γ5Dψ +
4
l2
ψ¯eaγaγ5Dψ
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+
2
l
Dψ¯γ5kabγ
abψ +
1
l3
ψ¯eaγaγ5e
bγbψ +
1
l2
ψ¯eaγaγ5k
bcγbcψ
+
1
4l
ψ¯kabγ
abγ5kcdγ
cdψ
)
. (3.15)
The action can be written in a more compact way using the gamma matrix identity
γabγ5 = −1
2
ǫabcdγ
cd, (3.16)
and the gravitino Bianchi identity
DDψ =
1
4
Rabγabψ. (3.17)
In fact one can see that
1
2
ǫabcdR
abψ¯γcdψ + 4Dψ¯γ5Dψ = d
(
4Dψ¯γ5ψ
)
,
1
2
ǫabcdDk
abψ¯γcdψ + 2Dψ¯γ5k
abγabψ = d
(
ψ¯kabγabγ5ψ
)
.
Furthermore it is possible to show that
ψ¯eaγaγ5e
bγbψ =
1
2
eaebψ¯γcdψǫabcd,
1
4
ψ¯kabγ
abγ5kcdγ
cdψ = −1
2
kafk
fbψ¯γcdψǫabcd,
ψ¯eaγaγ5k
bcγbcψ = ǫabcdk
abecψ¯γdψ,
where we have used the following identities
γaγb = γab + ηab,
γabγcd = ǫabcdγ5 − 4δ[a[c γ
b]
d] − 2δabcd ,
γcγab = −2γ[aδb]c − ǫabcdγ5γd,
and the fact that γ5γa is an antisymmetric matrix. Thus the MacDowell-Mansouri like
action for the AdS−Lorentz superalgebra takes the form
S =
∫
α0
2
ǫabcdR
abRcd +
α2
l2
(
ǫabcdR
abeced + 4ψ¯eaγaγ5Dψ
)
+ α2ǫabcd
(
RabDkcd +Rabkcek
ed +
1
2
DkabDkcd +Dkabkcek
ed +
1
2
kafk
fbkcgk
gd
)
+ α2ǫabcd
(
1
l2
Dkabeced +
1
l2
kafk
fbeced +
1
l3
eaebψ¯γcdψ
+
1
l2
kabecψ¯γdψ +
1
2l4
eaebeced
)
+ α2d
(
4Dψ¯γ5ψ + ψ¯k
abγabγ5ψ
)
. (3.18)
This action has been intentionally separated in five pieces where the first term is pro-
portional to α0 and corresponds to the Gauss Bonnet term. The second term contains the
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Einstein-Hilbert term plus the Rarita-Schwinger (RS) Lagrangian describing pure super-
gravity. The third piece corresponds to a Gauss Bonnet like term containing the new super
AdS−Lorentz fields. This piece does not contribute to the dynamics and can be written
as a boundary term. The fourth term corresponds to a generalized supersymmetric cos-
mological term which contains the usual supersymmetric cosmological constant plus three
additional terms depending on kab. The last piece is a boundary term.
One can see that the MacDowell-Mansouri like action built using the useful definitions
of the S-expansion procedure describes a supergravity theory with a generalized supersym-
metric cosmological term.
From (3.18) we can see that the bosonic part of the action corresponds to the one
found for AdS−Lorentz algebra in ref. [9]. Besides, the action contains the generalized
cosmological term introduced in ref. [4] for the Maxwell algebra.
One can note that if we omit the boundary terms in (3.18), the action can be written as
S =
∫
α2
l2
(
ǫabcdR
abeced + 4ψ¯eaγaγ5Dψ
)
+ α2ǫabcd
(
1
l2
Dkabeced +
1
l2
kafk
fbeced
+
1
l3
eaebψ¯γcdψ +
1
l2
kabecψ¯γdψ +
1
2l4
eaebeced
)
, (3.19)
or equivalently
S =
∫
α2
l2
(
ǫabcdR
abeced + 4ψ¯eaγaγ5Dψ
)
+ α2ǫabcd
(
2
l2
kabTˆ ced +
1
l2
kafk
fbeced +
1
l3
eaebψ¯γcdψ +
1
2l4
eaebeced
)
, (3.20)
where we have used
ǫabcdDk
abeced = 2ǫabcdk
abT ced + d
(
1
l2
ǫabcdk
abeced
)
,
Tˆ a = Dea − 1
2
ψ¯γaψ = T a − 1
2
ψ¯γaψ.
Interestingly if we consider kab = 0 in our action we obtain the usual MacDowell-Mansouri
action for the Osp (4|1) supergroup.
In order to obtain the field equations let us compute the variation of the Lagrangian
with respect to the different super AdS−Lorentz fields. The variation of the Lagrangian
with respect to the spin connection ωab, modulo boundary terms, is given by
δωL = α2
l2
ǫabcd
(
2δωabDeced + 2δωafk
fbeced
)
+
α2
l2
ψ¯eaγaγ5δω
cdγcdψ
=
2α2
l2
ǫabcdδω
ab
(
T c + kcfe
f − 1
2
ψ¯γcψ
)
ed
=
2α2
l2
ǫabcdδω
abRced. (3.21)
Here we see that δωL = 0 leads to the following field equation for the AdS−Lorentz
supertorsion
ǫabcdR
aed = 0. (3.22)
– 9 –
J
H
E
P
0
8
(
2
0
1
5
)
0
0
9
On the other hand, the variation of the Lagrangian with respect to the vielbein ea is
given by
δeL = α2
l2
ǫabcd
(
2Rabec + 2Dkabec + 2kafk
fbec +
2
l
ψ¯γabψec +
2
l2
eaebec
)
δed
+
α2
l2
(
4ψ¯γdγ5Dψ + ψ¯γdγ5k
abγabψ
)
δed.
=
2α2
l2
ǫabcd
(
Rabec + F abec
)
δed +
α2
l2
(
4ψ¯γdγ5Ψ
)
δed, (3.23)
where we have used the AdS−Lorentz 2-form curvatures (3.2) and the fact that
ǫabcdψ¯γ
abψec = 2ψ¯γdγ5e
cγcψ,
ǫabcdk
abecψ¯γdψ = ψ¯eaγaγ5k
bcγbcψ.
Then the field equation is obtained imposing δeL = 0
2ǫabcd
(
Rab + F ab
)
ec + 4ψ¯γdγ5Ψ = 0. (3.24)
One can see that the rescaling
kab → µ2kab, ea → µea and ψ → √µψ
and dividing (3.23) by µ2 provide us with the usual field equation for supergravity in the
limit µ → 0,
ǫabcdR
abec + 4ψ¯γdγ5Dψ = 0, (3.25)
where D corresponds to the Lorentz covariant exterior derivative.
The variation of the Lagrangian with respect to the new AdS−Lorentz field kab, modulo
boundary terms, gives
δkL = α2
l2
ǫabcd
(
2δkabDeced + 2δkafk
fbeced +
1
l2
δkabψ¯γdψec
)
=
2α2
l2
ǫabcdδk
ab
(
T c + kcfe
f − 1
2
ψ¯γcψ
)
ed
=
2α2
l2
ǫabcdδk
abRced, (3.26)
where we have used the gamma matrix identities
γabγ5 = −1
2
ǫabcdγ
cd,
γcγab = −2γ[aδb]c − ǫabcdγ5γd.
Here we see that δkL = 0 leads to the same field equation than δωL = 0
ǫabcdR
aed = 0. (3.27)
Let us consider the variation of the Lagrangian with respect to the gravitino field ψ,
modulo boundary terms,
δψL = α2
l2
(
4δψ¯eaγaγ5Dψ + 4Dψ¯e
aγaγ5δψ − 4ψ¯Deaγaγ5δψ
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+2δψ¯eaγaγ5k
bcγbcψ + 4δψ¯γaγ5k
a
b e
bψ
)
+
α2
l2
ǫabcd
(
2
l
eaebδψ¯γcdψ
)
=
α2
l2
(
4δψ¯eaγaγ5Dψ + 4δψ¯γaγ5Dψe
a + 4δψ¯Deaγaγ5ψ
+ 2δψ¯eaγaγ5k
bcγbcψ + 4δψ¯γaγ5k
a
b e
bψ
)
+
4α2
l3
δψ¯eaγaγ5e
bγbψ
=
α2
l2
δψ¯
(
8eaγaγ5Ψ+ 4γaγ5ψDe
a + 4γaγ5k
a
b e
bψ
)
. (3.28)
Then, using the definition of the supertorsion
Ra = Dea + kabe
b − 1
2
ψ¯γaψ,
and the Fierz identity
γaψψ¯γ
aψ = 0,
we find the following field equation,
8eaγaγ5Ψ+ 4γaγ5ψR
a = 0. (3.29)
We can see that the introduction of a generalized supersymmetric cosmological constant
leads to field equations very similar to those of osp (4|1) supergravity. The differences
appear in the definition of the two-form curvatures due to the presence of the new matter
field kab.
Let us note that, from eqs. (3.22) and (3.27), the equation of motion coming from the
variation of the Lagrangian with respect to the bosonic field kab reduces to that of the spin
connection ωab.
ǫabcdR
aed = ǫabcd
(
T c + kcfe
f − 1
2
ψ¯γcψ
)
ed = 0. (3.30)
Interestingly, we can define a new bosonic field as
̟ab = ωab + kab, (3.31)
and its respective covariant derivative,
D = d+̟. (3.32)
Then, the equation of motion can be written as
ǫabcd
(
Dec − 1
2
ψ¯γcψ
)
ed = 0. (3.33)
This allows to express the bosonic field ̟ab in terms of the vielbein ea and gravitino fields
ψα. This may be solved considering the following decomposition,
̟ab = ˚̟ab + ˜̟ ab, (3.34)
where ˚̟ab corresponds to the solution of Dec = 0 and it is given by
˚̟abµ =
(
ecλ∂[µe
d
ν]ηcd + e
c
ν∂[λe
d
µ]ηcd − ecµ∂[νedλ]ηcd
)
eλ|aeν|b. (3.35)
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Now we have that
Dea = dea + ˚̟abeb + ˜̟ abeb = 1
2
ψ¯γaψ, (3.36)
implies
˜̟ ab[µeν]b =
1
2
ψ¯µγ
aψν . (3.37)
Then we may solve ˜̟ ab in terms of the two other fields,
˜̟ abµ =
1
4
ea|λeb|ν
(
ψ¯µγλψν + ψ¯λγνψµ − ψ¯νγµψλ − ψ¯µγνψλ − ψ¯νγλψµ + ψ¯λγµψν
)
. (3.38)
Thus, the bosonic field ̟ab is completely determined in terms of eaµ and ψ
α
µ and does
not carry additional physical degrees of freedom. In particular, when the supertorsion
Ra = Dec− 12 ψ¯γcψ is set equal to zero, the number of bosonic degrees of freedom is two as
the Einstein-Hilbert gravity theory and corresponds to the remaining components of the
vielbein.
On the other hand, although the Lagrangian is built from the AdS-Lorentz superal-
gebra it is not invariant under gauge transformations. In fact, the Lagrangian does not
correspond to a Yang-Mills Lagrangian, nor a topological invariant.
As we can see the variation of the action (3.18) under gauge supersymmetry can be
obtained using δR = [ǫ, R],
δsusyS = −4α2
l2
∫
RaΨ¯γaγ5ǫ. (3.39)
Thus in order to have gauge supersymmetry invariance it is necessary to impose the su-
pertorsion constraint
Ra = 0. (3.40)
However this leads to express the spin connection ωab in terms of the others fields{
ea, kab, ψ
}
.
Nevertheless, it is possible to have supersymmetry invariance in the first formalism
adding an extra piece to the gauge transformation δωab such that the variation of the
action can be written as
δS = −4α2
l2
∫
Ra
[
Ψ¯γaγ5ǫ− 1
2
ǫabcde
bδextraω
cd
]
, (3.41)
where the supersymmetry invariance is fullfilled when
δextraω
ab = 2ǫabcd
(
Ψ¯ecγdγ5ǫ+ Ψ¯deγcγ5ǫ− Ψ¯cdγeγ5ǫ
)
ee, (3.42)
with Ψ¯ = Ψ¯abe
aeb.
Thus, the action (3.18) in the first order formalism is invariant under the following
supersymmetry transformations
δωab = 2ǫabcd
(
Ψ¯ecγdγ5ǫ+ Ψ¯deγcγ5ǫ− Ψ¯cdγeγ5ǫ
)
ee, (3.43)
δkab = −1
l
ǫ¯γabψ, (3.44)
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δea = ǫ¯γaψ, (3.45)
δψ = dǫ+
1
4
ωabγabǫ+
1
4
kabγabǫ+
1
2l
eaγaǫ. (3.46)
Let us note that supersymmetry is not a gauge symmetry of the action, since it is broken
to a Lorentz like symmetry. In particular, the supersymmetry transformations leaving the
action invariant do not close off-shell. While the super AdS-Lorentz gauge variation close
off-shell by construction.
4 The generalized minimal AdS−Lorentz superalgebra
In this section, we show that a particular choice of an abelian semigroup S leads to a new
Lie superalgebra. For this purpose we will consider the osp (4|1) superalgebra as a starting
point.
Let us consider a decomposition of the original superalgebra g = osp (4|1) as
g = osp (4|1) = so (3, 1)⊕ osp (4|1)
sp (4)
⊕ sp (4)
so (3, 1)
= V0 ⊕ V1 ⊕ V2, (4.1)
where V0, V1 and V2 satisfy (2.7) and correspond to the Lorentz subspace, the fermionic
subspace and the AdS-boost, respectively.
Let S
(4)
M = {λ0, λ1, λ2, λ3, λ4} be the abelian semigroup whose elements satisfy the
following multiplication law
λαλβ =
{
λα+β , if α+ β ≤ 4
λα+β−4, if α+ β > 4
(4.2)
Let us consider the decomposition S = S0 ∪ S1 ∪ S2, with
S0 = {λ0, λ2, λ4} , (4.3)
S1 = {λ1, λ3} , (4.4)
S2 = {λ2, λ4} . (4.5)
One can see that this decomposition satisfies the same structure as the subspaces Vp, then
we say that the decomposition is resonant [compare with eqs. (2.7)]
S0 · S0 ⊂ S0, S1 · S1 ⊂ S0 ∩ S2,
S0 · S1 ⊂ S1, S1 · S2 ⊂ S1,
S0 · S2 ⊂ S2, S2 · S2 ⊂ S0.
(4.6)
Following theorem IV.2 of ref. [11], we say that the superalgebra
GR = W0 ⊕W1 ⊕W2
is a resonant subalgebra of S
(4)
M × g, where
W0 = (S0 × V0) = {λ0, λ2, λ4} ×
{
J˜ab
}
=
{
λ0J˜ab, λ2J˜ab, λ4J˜ab
}
, (4.7)
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W1 = (S1 × V1) = {λ1, λ3} ×
{
Q˜α
}
=
{
λ1Q˜α, λ3Q˜α
}
, (4.8)
W2 = (S2 × V2) = {λ2, λ4} ×
{
P˜a
}
=
{
λ2P˜a, λ4P˜a
}
. (4.9)
Then the new superalgebra is generated by
{
Jab, Pa, Z˜a, Z˜ab, Zab, Qα,Σα
}
with
Jab = λ0J˜ab, Pa = λ2P˜a,
Z˜ab = λ2J˜ab, Z˜a = λ4P˜a,
Zab = λ4J˜ab, Qα = λ1Q˜α,
Σα = λ3Q˜α.
(4.10)
where J˜ab, P˜a and Q˜α are the osp (4|1) generators. The new generators satisfy the
(anti)commutation relations
[Jab, Jcd] = ηbcJad − ηacJbd − ηbdJac + ηadJbc, (4.11)
[Zab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc, (4.12)
[Jab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc, (4.13)[
Jab, Z˜cd
]
= ηbcZ˜ad − ηacZ˜bd − ηbdZ˜ac + ηadZ˜bc, (4.14)[
Z˜ab, Z˜cd
]
= ηbcZad − ηacZbd − ηbdZac + ηadZbc, (4.15)[
Z˜ab, Zcd
]
= ηbcZ˜ad − ηacZ˜bd − ηbdZ˜ac + ηadZ˜bc, (4.16)
[Jab, Pc] = ηbcPa − ηacPb, [Zab, Pc] = ηbcPa − ηacPb, (4.17)[
Z˜ab, Pc
]
= ηbcZ˜a − ηacZ˜b,
[
Jab, Z˜c
]
= ηbcZ˜a − ηacZ˜b, (4.18)[
Z˜ab, Z˜c
]
= ηbcPa − ηacPb,
[
Zab, Z˜c
]
= ηbcZ˜a − ηacZ˜b, (4.19)
[Pa, Pb] = Zab,
[
Z˜a, Pb
]
= Z˜ab,
[
Z˜a, Z˜b
]
= Zab, (4.20)
[Jab, Qα] = −1
2
(γabQ)α , [Pa, Qα] = −
1
2
(γaΣ)α , (4.21)[
Z˜ab, Qα
]
= −1
2
(γabΣ)α ,
[
Z˜a, Qα
]
= −1
2
(γaQ)α , (4.22)
[Zab, Qα] = −1
2
(γabQ)α , [Pa,Σα] = −
1
2
(γaQ)α , (4.23)
[Jab,Σα] = −1
2
(γabΣ)α ,
[
Z˜a,Σα
]
= −1
2
(γaΣ)α , (4.24)[
Z˜ab,Σα
]
= −1
2
(γabQ)α , [Zab,Σα] = −
1
2
(γabΣ)α , (4.25)
{Qα, Qβ} = −1
2
[(
γabC
)
αβ
Z˜ab − 2 (γaC)αβ Pa
]
, (4.26)
{Qα,Σβ} = −1
2
[(
γabC
)
αβ
Zab − 2 (γaC)αβ Z˜a
]
, (4.27)
{Σα,Σβ} = −1
2
[(
γabC
)
αβ
Z˜ab − 2 (γaC)αβ Pa
]
, (4.28)
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where we have used the commutation relations of the original superalgebra and the mul-
tiplication law of the semigroup (4.2). The new superalgebra obtained after a resonant
S-expansion of osp (4|1) superalgebra corresponds to a generalized minimal AdS-Lorentz
superalgebra in D = 4.
One can see that a new Majorana spinor charge Σ has been introduced as a direct
consequence of the S-expansion procedure. The introduction of a second spinorial generator
can be found in refs. [26, 27] in the supergravity and superstrings context, respectively.
Let us note that a generalized AdS−Lorentz algebra =
{
Jab, Pa, Z˜a, Z˜ab, Zab
}
forms
a bosonic subalgebra of the new superalgebra and looks very similar to the AdS − L6
algebra introduced in ref. [9]. In fact one could identify Z˜ab, Zab and Z˜a with Z
(1)
ab , Z
(2)
ab
and Za of AdS−L6 respectively. Nevertheless, the commutation relations (4.20) are subtly
different of those of the AdS−L6 algebra. On the other hand, the usual AdS−L4 algebra
= {Jab, Pa, Zab} is also a subalgebra.
It is interesting to observe that an Ino¨nu¨-Wigner contraction of the new superalgebra
leads to a generalization of the minimal Maxwell superalgebra introduced in ref. [29]. After
the rescaling
Z˜ab → µ2Z˜ab, Zab → µ4Zab, Pa → µ2Pa,
Z˜a → µ4Z˜a, Qα → µQα and Σ → µ3Σ,
the limit µ → ∞ provides with a generalized minimal Maxwell superalgebra sM4 in D = 4.
An extensive study of the minimal Maxwell superalgebra and its generalization has been
done using expansion methods in refs. [30, 31]. On the other hand, it was shown in
refs. [20, 32] that D = 4, N = 1 pure supergravity Lagrangian can be obtained as a
quadratic expression in the curvatures associated with the minimal Maxwell superalgebra.
Analogously to the previous case, we can show that the generalized minimal AdS-
Lorentz superalgebra found here can be used in order to build a more general supergravity
action involving a generalized supersymmetric cosmological term.
As in the previous section, we start from the one-form gauge connection,
A =
1
2
ωabJab +
1
l
eaPa +
1
2
k˜abZ˜ab +
1
2
kabZab +
1
l
h˜aZ˜a +
1√
l
ψαQα +
1√
l
ξαΣα, (4.29)
where the one-form gauge fields are related to the osp (4|1) gauge fields
(
ω˜ab, e˜a, ψ˜
)
as
ωab = λ0ω˜
ab, ea = λ2e˜
a,
k˜ab = λ2ω˜
ab, ψα = λ1ψ˜
α,
kab = λ4ω˜
ab, ξα = λ3ψ˜
α,
h˜a = λ4e
a.
Then the corresponding two-form curvature F = dA+A ∧A is given by
F =
1
2
RabJab +
1
l
RaPa +
1
2
F˜ abZ˜ab +
1
2
F abZab +
1
l
H˜aZ˜a +
1√
l
ΨαQα +
1√
l
ΞαΣα, (4.30)
where
Rab = dωab + ωacω
cb,
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Ra = dea + ωabe
b + kabe
b + k˜abh˜
b − 1
2
ψ¯γaψ − 1
2
ξ¯γaξ,
H˜a = dh˜a + ωabh˜
b + k˜abe
b + kabh˜
b − ψ¯γaξ,
F˜ ab = dk˜ab + ωack˜
cb − ωbck˜ca + kack˜cb − kbck˜ca +
2
l2
eah˜b +
1
2l
ψ¯γabψ +
1
2l
ξ¯γabξ,
F ab = dkab + ωack
cb − ωbckca + k˜ack˜cb + kackcb +
1
l2
eaeb +
1
l2
h˜ah˜b +
1
l
ξ¯γabψ,
Ψ = dψ +
1
4
ωabγ
abψ +
1
4
kabγ
abψ +
1
4
k˜abγ
abξ +
1
2l
eaγ
aξ +
1
2
h˜aγ
aψ,
Ξ = dξ +
1
4
ωabγ
abξ +
1
4
kabγ
abξ +
1
4
k˜abγ
abψ +
1
2l
eaγ
aψ +
1
2l
h˜aγ
aξ.
Here the new Majorana field ξ is associated to the fermionic generator Σ, while the one-
forms h˜a, k˜ab and kab are the matter fields associated with the bosonic generators Z˜a, Z˜ab
and Zab respectively.
Using the two-form curvature F it is possible to write the action for the generalized
minimal AdS−Lorentz superalgebra as
S = 2
∫
〈F ∧ F 〉 = 2
∫
FA ∧ FB 〈TATB〉S , (4.31)
where 〈TATB〉S corresponds to an S-expanded invariant tensor which is obtained from the
original components of the invariant tensor (3.8). Using Theorem VII.1 of ref. [11], it is
possible to show that the non-vanishing components of 〈TATB〉S are given by
〈JabJcd〉S = α0 〈JabJcd〉 ,
〈
Z˜abZ˜cd
〉
S
= α4 〈JabJcd〉 , (4.32)〈
JabZ˜cd
〉
S
= α2 〈JabJcd〉 , 〈ZabZcd〉S = α4 〈JabJcd〉 , (4.33)〈
Z˜abZcd
〉
S
= α2 〈JabJcd〉 , 〈JabZcd〉S = α4 〈JabJcd〉 , (4.34)
〈QαQβ〉S = α2 〈QαQβ〉 , 〈ΣαΣβ〉S = α2 〈QαQβ〉 , (4.35)
〈QαΣβ〉S = α4 〈QαQβ〉 , (4.36)
where α0, α2 and α4 are dimensionless arbitrary independent constants and
〈JabJcd〉 = ǫabcd,
〈QαQβ〉 = 2 (γ5)αβ .
Then considering the two-form curvature (4.30) and the non-vanishing components of
the invariant tensor (4.32)–(4.36) we found that the action can be written as a MacDowell-
Mansouri like action,
S = 2
∫ (α0
4
ǫabcdR
abRcd +
α2
2
ǫabcdR
abF˜ cd +
α2
2
ǫabcdF˜
abF cd +
α4
2
ǫabcdR
abF cd
α4
4
ǫabcdF˜
abF˜ cd +
α4
2
ǫabcdF
abF cd +
2
l
α2Ψ¯γ5Ψ+
2
l
α2Ξ¯γ5Ξ +
4
l
α4Ψ¯γ5Ξ
)
. (4.37)
Since we are interested in obtaining the Einstein-Hilbert and the Rarita-Schwinger like
Lagrangian with a generalized supersymmetric cosmological term, we shall consider only
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the piece proportional to α4. Using the useful gamma matrix identities and the Bianchi
identities (dF + [A,F ] = 0) it is possible to write explicitly the α4-term as
S = α4
∫
ǫabcd
(
RabKcd + 1
2
K˜abK˜cd + 1
2
KabKcd
)
+
1
l2
(
ǫabcdR
abeced + 4ψ¯eaγaγ5Dψ + 4ξ¯e
aγaγ5Dξ
)
+
1
l2
(
ǫabcdR
abh˜ch˜d + 4ψ¯h˜aγaγ5Dξ + 4ξ¯h˜
aγaγ5Dψ
)
+
1
l2
(
2ǫabcdK˜abech˜d + ǫabcdKabeced + ǫabcdKabh˜ch˜d + 1
l2
eaebeced
+
6
l2
eaebh˜ch˜d +
1
l2
h˜ah˜bh˜ch˜d +
2
l
ψ¯γabψech˜d +
2
l
ψ¯γabξeced +
2
l
ψ¯γabξh˜ch˜d
+
2
l
ξ¯γabξech˜d
)
+
1
l2
kabec
{
ψ¯γdψ + ξ¯γdξ
}
+
2
l2
k˜abecψ¯γdξ +
2
l2
kabh˜aψ¯γdξ
+
1
l2
k˜abh˜c
{
ψ¯γdψ + ξ¯γdξ
}
+ d
(
8
l
ξ¯γ5∇ψ
)
, (4.38)
where we have defined
K˜ab = Dk˜cb + kack˜cb + kbck˜ac,
Kab = Dkca + k˜ack˜cb + kackcb.
Here we can see that the first piece corresponds to an Euler invariant term which can
be seen as a Gauss-Bonnet like term and can be written as a boundary contribution. The
second piece contains the Einstein-Hilbert term ǫabcdR
abeced and the Rarita-Schwinger like
Lagrangian. The novelty consists in the contribution of the new spinor field ξ which is
related to the Majorana spinor charge Σ. The fourth term corresponds to a generalized
supersymmetric cosmological term built from the new AdS-Lorentz fields. The last piece
is a boundary term and does not contribute to the dynamics.
A significant difference with the previous case (see eq. (3.18)) is the presence of the
matter field h˜a which is related to the new generator Z˜a. In particular, if we consider
h˜a = 0 and omit boundary contributions, the term proportional to α4 can be written as
S = α4
∫
1
l2
(
ǫabcdR
abeced + 4ψ¯eaγaγ5∇ψ + 4ξ¯eaγaγ5∇ξ
)
+
1
l2
(
ǫabcdKabeced + 1
l2
eaebeced +
2
l
ψ¯γabξeced
)
, (4.39)
with
∇ψ = Dψ + 1
4
kabγ
abψ +
1
4
k˜abγ
abξ,
∇ξ = Dξ + 1
4
kabγ
abξ +
1
4
k˜abγ
abψ.
The action (4.39) corresponds to a four-dimensional supergravity action with a generalized
supersymmetric cosmological term. Certainly, the choice of bigger semigroups would allow
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to construct larger AdS-Lorentz superalgebras introducing a more general cosmological
term to supergravity. Nevertheless, this procedure would lead to more complicated actions
which we do not consider here.
It is interesting to observe that an Ino¨nu¨-Wigner contraction of the action (4.39) leads
us to the D = 4 pure supergravity action. In fact after the rescaling
ωab → ωab, k˜ab → µ2k˜ab, kab → µ4kab,
ea → µ2ea, ψ → µψ and ξ → µ3ξ,
and dividing the action by µ4, the D = 4 pure supergravity action is retrieved by taking
the limit µ → ∞,
S= α4
∫
1
l2
(
ǫabcdR
abeced + 4ψ¯eaγaγ5Dψ
)
. (4.40)
It was shown in refs. [20, 32] that the N = 1, D = 4 pure supergravity can be derived
from the minimal Maxwell superalgebra sM4. This result is not a surprise since the Ino¨nu¨-
Wigner contraction of the generalized minimal AdS−Lorentz superalgebra corresponds to
the minimal Maxwell superalgebra sM4.
Let us note that the procedure considered here could be extended to bigger AdS-
Lorentz superalgebras whose Ino¨nu¨-Wigner contractions lead to the Maxwell superalge-
bras type defined in [31]. These Maxwell superalgebras correspond to the supersymmetric
extension of the Maxwell algebras type introduced in refs. [19, 21].
5 Comments and possible developments
In the present work we have presented an alternative way of introducing the supersymmetric
cosmological constant to supergravity. Based on the AdS-Lorentz superalgebra we have
built the minimal D = 4 supergravity action which includes a generalized supersymmetric
cosmological constant term. For this purpose we have applied the semigroup expansion
method to the osp (4|1) superalgebra allowing us to construct a MacDowell-Mansouri like
action. The geometric formulation of the supergravity theory found here corresponds to a
supersymmetric generalization of the results of refs. [4, 9].
Interestingly, we have shown that the AdS-Lorentz superalgebra allows to add new
terms in the supergravity action a` la MacDowell-Mansouri presented in [20], describing
a generalized supersymmetric cosmological constant. In particular, unlike the Maxwell
superalgebra, the bosonic fields kab associated to the generators Zab appear not only in the
boundary terms, but also in the bulk Lagrangian.
The presence of the bosonic fields kab in the boundary could be useful in the con-
text of the duality between string theory realized on an asymptotically AdS space-time
(times a compact manifold M) and the conformal field theory living on the boundary (
AdS/CFT correspondence) [33–36]. Interestingly, as shown in ref. [23], the introduction
of a topological boundary in a four-dimensional bosonic action is equivalent to the holo-
graphic renormalization procedure in the AdS/CFT context. At the supergravity level,
it was shown in ref. [37] that the supersymmetry invariance of the supergravity action
is recovered adding appropriate boundary terms and thus, reproducing the MacDowell-
Mansouri action. Then, it is tempting to argue that the presence of the fields kab in the
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boundary would allow not only to recover the supersymmetry invariance in the geomet-
ric approach (rheonomic approach), but also to regularize the supergravity action in the
holographic renormalization context.
We have also presented a more general supergravity action containing a cosmologi-
cal constant (see eq. (4.38)). For this aim we have introduced the generalized minimal
AdS-Lorentz superalgebra using a bigger semigroup. This new superalgebra requires the
introduction of a second Majorana spinorial generator Σ leading to additional degress of
freedom. In particular we have shown that the Ino¨nu¨-Wigner contraction of the generalized
AdS-Lorentz superalgebra leads to the minimal Maxwell superalgebra.
Our results provide one more example of the advantage of the semigroup expansion
method in the geometrical formulation of a supergravity theory. The approach presented
here could be useful in order to analyze a possible extension to higher dimensions. Neverthe-
less, it seems that in odd dimensions the Chern-Simons (CS) theory is the appropriate for-
malism in order to construct a supergravity action. For instance, for D = 3 interesting CS
(super)gravity theories are obtained using the AdS-Lorentz (super)symmetries [10, 18, 38].
On the other hand, it would be interesting to study the extended supergravity in the
geometrical formulation. A future work could be analyze the N -extended AdS-Lorentz
superalgebra introduced in ref. [39] and the construction of N -extended supergravities. It
seems that the semigroup expansion procedure used here could have an important role in
the construction of matter-supergravity theories.
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